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I. INTRODUCTION
The capacity of direct sequence (DS) code-division multiple access (CDMA) systems is mainly limited by the interference introduced by simultaneous users. To minimize the multiple access interference (MAI), asynchronous DS/CDMA systems require the use of sets of signatures with good correlation properties.
The possibility of generating a large number of approximately orthogonal sequences by chaotic systems has aroused considerable interest in exploiting chaotic sequences for spread-spectrum communications [1] - [6] . In [5] , numerical simulations show that systems based on chaotic spreading sequences perform generally better than the conventional ones. However, [5] only gives a lower bound on the performance index W defined therein. The exact multiple access performance of chaotic spreading sequences can not be determined a priori from this bound. In this letter, the performance index W is analyzed using the ergodic theory. Based on this analysis, we can design chaotic spreading sequences that outperform purely random sequences with independent symbols with respect to MAI.
II. THEORETICAL ANALYSIS
In this letter, we concentrate on complex spreading sequences whose symbols are Lth roots of unity. The generalization to complex-valued sequences is straightforward. Let f: I ! I be a chaotic map with invariant probability density (x): Following [5] and [6] , a spreading sequence u = fu(n)g is generated from a chaotic time series fx(n)g where x(n + 1) = f(x(n)) by means of a quantization function Q and is truncated to period N: We assume that L consecutive intervals I0; 1 1 1 ; IL01 with disjoint interiors exist covering the whole I such that x 2 I k implies Q(x) = expfj2k=Lg: It is required that I (x) dx = 1=L to maintain the balance among different symbols. We denote by fu i ; i = 1; 2; 1 1 1g a set of sequences with seeds fxi; i = 1; 2; 1 1 1g:
We consider a binary phase-shift-keyed (BPSK) DS/CDMA system with roots-of-unity signature sequences. There are U simultaneously active users that transmit binary data asynchronously. For brevity, we assume that the period of spreading sequences is equal to the spreading factor N: By modeling the MAI as a Gaussian random variable, if channel noise is neglected, the signal-to-noise ratio (SNR) at the jth receiver output can be expressed in the form [7] , [8] Ci;i(l)Cj;j 3 (l + 1) :
For a pair of sequences of period N; u i and u j ; the aperiodic crosscorrelation Ci;j is defined in [8] as 2 =r for a set of sequences as a performance index for the sequence set, where r denotes the average value of r i;j with respect to the whole set. The greater W is the better MAI performance the sequence set will have. The index W is, in fact, a special case of that defined in [4] when applied to roots-of-unity sequences, but it can be computed from autocorrelation functions alone.
For a set of U sequences, the performance index W may be written
It is obvious that W is random in nature for chaotic spreading sequences and depends on the set of seeds. However, as we shall show, differences between values of W obtained from different sets of seeds are very small when N and/or U are sufficiently large. According to the Birchoff individual ergodic theorem [9] , the time average of any L 1 function F (x) along a trajectory of length T approaches to the ensemble average T ! 1:
Although such time average for finite T is a random variable, the average of the time average over U seeds
approaches to the ensemble average of F (x) when T and/or U are sufficiently large since the ensemble average is regarded as the average over all possible seeds [1] , [2] . Applying these results, we have the following approximation for sufficiently large N 0 l and/or U
If l < 0; we define C(l) = C 3 (0l) since C i;i (l) = C i;i 3 (0l): As in [5] , [6] , an important assumption is made here, in which all seeds are drawn independently according to the invariant probability density.
Substituting (5) into (4) we get
The accuracy of the approximation (6) can be justified as follows, although l takes values from the total range form 0 to N 01: The approximation errors in (6) result mainly from terms of large l: However, it is well known that the time or ensemble-averaged autocorrelation function typically decays exponentially for chaotic systems. Therefore the sum of terms with large l in (4), (6) is so small that it has little effect on the value of W: It is relatively easy to derive C(l) analytically for binary sequences. 
Substituting (8) into (6) 
We can see that the Chebyshev map will behave better than purely random sequences for k = 3; 7; 11; 11 1; but it will behave worse than purely random sequences for k = 5; 9; 13; 111 : When k is even, it performs as well as purely random sequences. In fact, this property is shared by any even-symmetric map with even-symmetric density, such as the logistic map, because C (l) = 0 for all l > 0.
The derivation of C (l) for other maps is similar and will be omitted. (10) We shall show that the performance predicted from (9), (10) is very accurate even for moderate values of N and U in the next section.
Since the autocorrelation function C (l) decays very quickly for chaotic systems, in many cases, it is even reasonable to consider the first term C (1) only and ignoring other terms in (6) . We find that the approximation 1=W = 1 + 2C 2 (1) + C (1) is fairly accurate. This formula would be used to first determine roughly the performance of a chaotic sequence set. According to this formula, we will obtain a performance index W > 1 if 00:5 < C(1) < 0. Specifically, the system will have the best MAI performance when C (1) = 01=4 and W reaches its maximum 8/7 ≈ 1.14. Note that, rather surprisingly, the multiple access performance of chaos-based DS/CDMA systems is limited.
Consider now the k-way tailed shift [5] , it can be shown that
The negativity of C (1) confirms the fact that the tailed shift usually features very good performance [5] , [6] . The analytical derivation of C (l) for the general case L > 2 is tedious. Nevertheless, a numerical integration on (5) may easily solve this problem for small values of l: A good approximation of W is given by
The maximum of W is also 1.14, achieved when C (1) = 01=4:
III. NUMERICAL RESULTS
In this section, we report the numerical evaluation of the performance of chaotic biphase and quadriphase spreading sequences. We consider the case of a system with number of users U = 30 and spreading factor N = 70. The k-way Bernoulli shift, k-way tailed shift, and the Chebyshev map are adopted to generate spreading sequences. In numerical simulations, the digital generators of chaos warrant separate study. The orbits of chaotic systems on digital computers with finite word length will inevitably become periodic, and the periods have substantial statistical fluctuation. It is possible that short-period orbits occur so frequently for some systems that the orbits might not show any characteristic of chaos, especially for piecewise-linear maps. As a consequence, the performance of spreading sequences quantized from these orbits would degrade severely. To overcome this drawback, we perform a small pseudorandom perturbation [10] in the range [0, 10 014 ] on the state variables of the Bernoulli shift and the tailed shift. After the perturbation is applied, periodic orbits are much longer and reproducibility of spreading sequences will be maintained if the same pseudorandom sequence is used for perturbation. The numerical results of W averaged over ten runs are plotted in Figs. 2 and 3 for biphase sequences and quadriphase sequences, respectively, as a function of k, as well as the theoretical performance indicated by (8)- (12) . Only C (1) is considered for the tailed shift biphase sequences and the Chebyshev map four-phase sequences. A numerical integration is used to evaluate C (1) for Chebyshev map four-phase sequences. The accuracy can surely be improved by considering more terms. It can be seen that actual performance conforms to theoretic analysis, except that particularly bad performance occurs for the Bernoulli shift when k = 2; 4; 8; 16; 111:
In these cases, the Bernoulli shift shows most severe finite-precision effect, because it reduces to the left-shift operation. There are two major differences between the numerical results on W in this paper and that reported in [5] . One difference is that in [5] high gains localize in the low U zone and low N zone, while we have not observed such trends. The data are just more scattered in these zones. Another difference is that the values of W regarding the Bernoulli shift (k which are a multiple of L) in [5] are larger than 1, while the values are very close to 1 in the current paper (except for k = 2; 4; 8; 16; 1 11):
The consideration for low U and low N is consistent with theoretical analysis that indicates that W is random for finite U and N:
IV. CONCLUSIONS
We have presented an insightful analysis on the multiple access performance index W of chaotic spreading sequences. We show that W can be expressed in terms of ensemble-averaged autocorrelation functions C (l) and simple formulae are obtained. Numerical results are in agreement with theoretical analysis. We can design chaotic spreading sequences which perform better that ideal random sequences with respect to MAI based on the analysis. Obviously, the multiple access performance of sequences presented in this paper is superior to that of purely random sequences designed in [3] and [11] using chaos-based technique. The analysis reveals that, however, the price for a high gain in W (good crosscorrelation property) is a degradation in autocorrelation property. Interestingly, this phenomenon has also been noted in many publications on conventional sequence design. Therefore, the structure of the iterated map and its parameter should be carefully selected to result in a good combination of the two properties. Finally, we should point out that the multiple access performance of chaos-based DS/CDMA systems is limited as the sequence length and/or user number tends to infinity, i.e., the maximum value of W is roughly 1.14.
